Abstract. The paper proposes an analysis of shimmy oscillations in one of the most used aircraft in general aviation. The main goal of the research is to develop a mathematical model with three degrees of freedom created in a Matlab environment on a Cessna Citation M2. The parameters of the model are obtained from Cessna Textron Aviation, Goodyear Aviation tires and scientific studies. Present research focuses on three main areas: 1) mathematical model, 2) numerical application and results, and 3) discussion and conclusion. The results obtained are presented graphically to facilitate the study of landing gear shimmy oscillations. The effects observed present the subject of discussions in the paper. The model makes the optimisation of the amplitude and time of shimmy oscillation possible.
Introduction
Aircraft landing gears may experience self-excited oscillation in lateral and torsional direction, known as shimmy oscillations, caused by the interaction between the tyres and the ground. Shimmy oscillations appear in aircraft ground dynamics during taxing, take-off and landing. They can be found on both the nose and main landing gear, but the first occurrence is more common. Shimmy oscillations are usually not catastrophic but they can reduce landing gear stability and result in serious problems (excessive wear, shortened life cycle of gear parts, safety concerns, discomfort for pilots and passengers or eventually lead to an accident) [1] [2] [3] . Shimmy oscillations may occur due to wheel imbalance, torsional freeplay, inadequate torsional stiffness, etc.
In order to increase the understanding of these oscillations on aircraft landing gear researchers have elaborated different shimmy models. One of earliest contribution to shimmy dynamics was reported by Broulhiet in 1925 [4] . In the study the role of tyre flexibility and side slip in the shimmy mechanism was recognized. Smiley [5] investigated shimmy oscillations for three different landing gear structures. The nonlinear geometric effects were not included in the model while one of the cases had a non-zero rake angle. The paper included linear stability of a landing gear model and discussed a systematic way of modelling the strut geometrical aspects. Somieski described shimmy oscillations as a nonlinear phenomenon for a nose landing gear with zero rake angle [6] . Woerner and Noel [7] explain the main cause of shimmy oscillations is the energy transfer from the contact force between the tyres and the ground to the vibrational modes of the landing gear system. This stability depends on the damping and stiffness characteristics of tyres and the supporting structure.
The developed models of shimmy oscillations are mainly based on different number of degrees of freedom, different analysis methods and different ways of modelling the elastic tyres [8] [9] [10] [11] [12] [13] [14] . These models allow for the analysis of the stability and the response of shimmy oscillations.
Shimmy oscillations are a problem in the design and operation of aircraft landing gears, especially in general aviation aircraft. This aircraft can be used as a business jet or aircraft for special missions such as aerial survey, air ambulance, flight inspection and surveillance. This required an accurate and appropriate analysis in order to increase their safety during ground motion. Cessna is a representative of this type of aircraft in general aviation.
The aim of this research is to study the impact of the vertical force on the gear, taxiing velocity of the aircraft and torsional angle on the amplitude and the time of the shimmy oscillations in the aircraft nose landing gear and their optimisation. To do this, the paper proposes a mathematical model on a Cessna Citation M2 with three degrees of freedom created in a Matlab environment.
2 Mathematical model of shimmy oscillation in aircraft landing gear
Aircraft nose landing gear
The geometry of aircraft nose landing gear is shown in Fig. 1 , where positive X-axis is the rear direction of the aircraft, the Z-axis is the upward to the ground and the Yaxis completes the right-handed coordinate system. The nose landing gear consists of a wheel with a pneumatic tyre with radius R mounted on an axle that is attached to a strut via a mechanical caster with length e. The strut axis is inclined to the vertical at the rake angle φ. The applied vertical force Fz on the gear represents the combined effect of the fuselage and wings. The aircraft moves with a forward velocity V x . The model has three degrees of freedom:
• The rotation of the gear around the strut axis S (torsional mode) described by the torsional angle ψ; • The bending of the gear around the X-axis, (lateral mode) described by angle δ; • The two modes are coupled through the tyre-ground interaction. The present work uses the stretched string tyre model developed by von Schippe and Dietrich [15] . The model defines the nonlinear kinematic relationship between the torsional angle ψ, lateral bending angle δ and the lateral deformation λ of the leading edge of the tyre contact patch. The presence of a non-zero rake angle φ has several important geometrical effects in an aircraft nose landing gear [8] . It involves an effective caster length eeff that is given by:
The wheel swivel angle θ with the ground is different from the steering angle and it is expressed by: = θ ψcos φ. (2) When the steering angle ψ is non-zero there is also a tilt of the wheel:
In this paper the effect of this angle is not considered.
The vertical force F z is offset from the X-Z plane due to the effective caster length e eff , which creates a moment that destabilizes the orientation of the gear.
The equations of motion for the model of the nose landing gear, taking into account torsional and lateral motion and their coupling via the elastic tyre can be written as:
where the dimensions are given in Table 1 .
The moment M Kψ corresponding to the torsional stiffness of the strut is a function of the steering angle ψ and is defined by:
The moment M Dψ due to the torsional damping of the strut is a function of the steering angular velocity ψ  and is expressed by:
where k ψ and c ψ are the torsional stiffness and damping coefficients of the strut. The self-aligning torsional moment M Kα about the strut is given by:
where k α is the self-aligning coefficient of the tyre and α m is the limit of the self-aligning moment.
The lateral restoring force F Kλ of the tyre is defined as:
where k λ is the restoring coefficient of the tyre.
The tyre slip angle α is related to the lateral deformation λ by:
where L is the relaxation length of the tyre. The combined moment M F1 due to the tyre restoring force F Kλ and self-aligning moment M Kα that are functions of the tyre lateral deformation λ is given by
The moment M Dλ due to the tyre lateral damping is given by:
where c λ is the lateral damping coefficient of the tyre. The moment M Kδ due to the lateral bending stiffness of the strut is function of δ and is expressed by:
where k δ is the lateral bending stiffness of the strut. The moment M Dδ due to the damping characteristics of the strut is function of δ  and is given as:
where c δ is the damping coefficient of the lateral bending of the strut.
The moment M λδ is the result of the force created from the lateral deformation of the tyre and is given as:
where l g is the distance between the nose landing gear attachment point in the fuselage and the ground.
Aircraft data source
The parameters of the model are obtained from G. Somieski, 1997 [6] , P. Thota et al., 2008 [8] , Cessna Textron Aviation [16], Goodyear Aviation tires [17] and are presented in Table 1 . 
Numerical simulation and results
A numerical simulation with Matlab software is performed in order to analyse the behavior of the proposed model for studying the shimmy oscillations in the nose landing gear defined by equation (4) . Three different simulations are studied.
• Simulation 1: In this simulation, the system is supposed to have a constant vertical force of F z = 4491 kg on the gear, representing values of the maximum landing weight (MLW);
• Simulation 2: The system in this simulation is subjected to a constant vertical force of F z = 3831 kg on the gear corresponding to 80 % of MLW; • Simulation 3: In this simulation, the system received a constant vertical force of F z = 3171 kg on the gear, representing values of the basic operating weight (BOW); The three simulation cases are run with taxiing velocity V x changing from 70 to 90 m/s and disturbance yaw angle ψ = 0,3 rad.
To obtain the amplitude of the cycle, simulation over a time of 1 second is made. From the time histories we can record the amplitude as function of varied parameters: taxiing velocity V, vertical force of the gear F z , damping constant of the strut c ψ and disturbance yaw angle ψ. Figures 2-10 show some of the results about the lateral tyre deflection λ, the lateral bending angle δ and the phase plot of shimmy angle ψ for the second case of simulation. The model shows that in the case of MLW and taxiing velocity V x higher than 80 m/s the system becomes instable.
The model gives also the possibility to study the impact of the rake angle, caster length and the strut torsional damping coefficient on the amplitude and time of shimmy oscillations and their optimization.
The proposed mathematical model is simple and this decreases computation times
The model that is presented in this work is generic and appropriated for the aircraft with single-wheel nose landing gear in the context of study of shimmy oscillations.
Future work will include study of more degrees of freedom like longitudinal bending, the effect of gyroscoping coupling of the tyre and duel-wheel configuration of the landing gear. Modelling of the change of the aircraft trajectory under the shimmy oscillations is also planned.
The final goal would be the formulation of an integrated mathematical model of a generic unmanned aerial vehicle.
